A re-analysis of the 'tree-shaped network' constructal method for triangular-shaped electronics is presented. The high effective conduction channel distribution has been re-optimized by using a triangular elemental area, without the premise that the new-order assembly construct must be assembled by the optimized last-order construct. A more optimal construct with triangular elemental area is obtained, and when the thermal conductivity and the proportion of the two heat conduction materials are constants, the limit of the minimum heat resistance with the triangular elemental area is derived. All these conclusions can be used as a guide for engineering applications.
INTRODUCTION
As a result of the rapid development of the micro-electronic technology, the miniaturization and high integration of the electronic devices are the trends, and the corresponding thermal current densities of the electronic devices tend to be higher and higher. Therefore, how to dissipate the heats from the interior of the electronic devices quickly and efficiently is a key question needed to solve. One way to cool the electronic devices is by using a high-conductivity material. For this problem, Bejan put forward the 'tree-shaped network' constructal method based on the constructal theory [1 -28] , which derived the optimal highly effective conduction channel distribution with the premise that the heat generation is uniform and the ratio of the conductivity of high-conductive material to that of electronic material is high. The thermal resistance of the electronic device was reduced by using this method.
The 'tree-shaped network' constructal method started the optimization with an elemental area which is very small. Optimizing this area, the optimal shape is deduced. Then, assembling the first-order assembly construct with the optimal area and optimizing this construct with respect to the number of elemental area and the distribution of high-conductivity material. In this way, a higher-order assembly construct can also be assembled. It ends when the area covers the whole given area. This method assembled a new construct with the optimized last construct. However, whether this optimization process is the best has not been proved. Having compared the thermal resistance of each order construct, Ghodoossi [29] found that the thermal resistance does not decrease with the increase in the construct complex. Karakas et al. [30] discussed the effect of the high-conductive path width on the optimal constructs of the rectangular assemblies by using the Lagrange multiplier method, and found that these optimal constructs were different from those in Ref. [1] .
The 'tree-shaped network' constructal method started the optimization with a rectangular elemental area in the earlier researches. The shape of the elemental area affects the constructal optimization results. Ghodoossi and Egrican [31] studied the 'tree-shaped network' constructal optimization with a triangular elemental area with the premise that the new-order assembly construct must be assembled by the optimized last-order construct. Wu et al. [32] found that without the premise that the new-order assembly construct must be assembled by the optimized last-order construct, a more optimal construct with a rectangular elemental area was obtained.
The new-order assembly construct was assembled by the optimized last-order construct in Refs [29] [30] [31] , and the constraint that the new-order construct of the rectangular assembly must be assembled by the optimized last-order construct was released in Ref. [32] . Following the idea of releasing the constraint in Ref. [32] , the high effective conduction channel distribution with a triangular elemental area will be optimized again in this article without the premise that the new-order construct is assembled by the optimized last one. A more optimal construct is obtained, and when the thermal conductivity and the proportion of the two heat-conduction materials are constants, the minimum heat resistance can be derived. All these conclusions can be used as a guide in engineering applications.
TRIANGULAR ELEMENTAL AREA
As shown in Figure 1 [31], the triangular elemental area (H 0 ÂL 0 Â1/2) generates heat at a constant rate q. The thickness of the triangular elemental area is assumed to be unit length. The heat generation rate per unit area is constant ðq 000 Â 1Þ.
The triangular elemental area size A 0 is constant, but the aspect ratio H 0 /L 0 is free to vary. The heat generated in the triangular elemental area is first directed to a relatively highly conductive link of width D 0 , which is located on the longer axes of the triangular elemental area. Then it is conducted to a heat sink located at point M 0 by the D 0 link. The boundary of the triangular elemental area is adiabatic, except for the heat sink point M 0 . It is assumed that the thermal conductivity of a highly conductive link (k p ) is much higher than that of electronic material (k 0 ) and the area occupied by highly conductive material is much smaller than the area of electronic material. It is also assumed that the triangular elemental area is slender enough to assume one-dimensional (y-direction) heat conduction through the triangular elemental heat-generating area. The temperature difference (DT 0 ) between the point P 0 , where the temperature is the highest, and the heat sink point M 0 , was derived in Ref. [31] :
Non-dimensionalizing Equation (1) gives
Optimizing Equation (2) with respect to H 0 /L 0 gives the optimized geometrically results [31] 
w 0 is called the 'porosity' of the triangular elemental electronic material, which is the ratio of the volume of highly conductive material (k p ) to that of electronic material (k 0 );k is the ratio of the conductivity of highly conductive material to that of the triangular elemental electronic material. It has been assumed in the beginning thatk .. 1. Substituting it into Equation (3), one obtains that ðH 0 =L 0 Þ opt is small. So, it is reasonable to assume that the triangular elemental area is slender.
FIRST-ORDER ASSEMBLY CONSTRUCT
A large number of triangular elemental areas are assembled in the way shown in Figure 2 [31] . The triangular elemental areas are lined up to both sides of the new high-conductivity path of width D 1 . The heat currents of each triangular elemental area are first conducted to the new path. With the new path, the heat currents are then directed to the heat sink point M 1 . The outer boundary of this area is adiabatic except for the heat sink point M 1 . The area size A 1 is constant, but the area size of A 0 and the aspect ratio H 1 /L 1 are free to vary. It can also be considered that the area size of A 0 is constant, while the area size of A 1 and the aspect ratio H 1 /L 1 are free to vary. These two methods are called inward design method and forward design Figure 1 . Triangular elemental area [31] . Figure 2 . First-order construct [31] .
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International Journal of Low-Carbon Technologies 2014, 9, 256-261 257 method, which optimize the first construct by taking the thermal resistance as the objective and derive consistent conclusions. Here, the inward design method is adopted. The 'tree-shaped network' constructal method [31] assembled the first-order assembly construct with the optimal triangular elemental area. However, the optimal first construct is not obtained by assembling it with the optimal elemental area. So, one takes the triangular elemental area's geometric aspect ratio (H 0 /L 0 ) as a new degree of freedom, and optimizes the first construct again.
The maximum temperature DT M 1m P 1 ÂDT M 1m P 1 difference (DT 1 ) of the first construct can be divided into two parts, one is the temperature difference of the elemental area, which is the farthest from M 1 , between the points P 1 point M 1m , and another is the temperature difference DT M 1 M 1m between M 1m and M 1 , where subscript m ¼ n 1 /2, and n 1 is the number of triangular elemental constituents. DT 1 is the maximum temperature difference of the triangular elemental constituent. One can obtain the temperature difference DT M 1m P 1 using Equation (1) .
So one has
The maximum temperature difference of the first-order assembly construct is non-dimensionalized. Note that q 000 and k 0 are constants,
Equation (7) shows that the non-dimensional maximum temperature difference (thermal resistance) of the construct can be minimized with respect to the number of constituents (n 1 ). From Equation (7), the optimal construct of the first-order assembly is determined by the extremum of the thermal resistance, and the amount of heat (q 000 A 1 ) only determines the value of the thermal resistance, but not the extremum of the thermal resistance. The minimization results can be given as
Combining Equation (8) with Equation (7) gives
ð9Þ Equation (9) shows that the thermal resistance reaches the minimum when a ¼ 0. However, a ¼ 0 means H 0 ¼ 0 or L 0 ¼ 1, and it is unpractical. The most important thing that Equation (9) shows is that the thermal resistance decreases monotonically as a decreases; the minimum thermal resistance limit can be approached by decreasing a. When a!0,
Equation (10) also shows that the minimum thermal resistance can be optimized with respect to highly conductive material allocation in the construct. The total area of high conductive material (A P 1 ) in the construct is constant: it is
Because the construct area A 1 is also constant, the porosity of the construct is constant. The porosity of the construct is
One hasD
Combining Equation (13) with Equation (9) and a!0 gives
Optimizing Equation (14) with respect to w 0 , one has
Therefore, when a!0,
Substituting a!0 into Equation (8) yields n 1;opt ! 1. The number (n 1 ) of constituents is sufficiently large, and it proves that the simplification made at the beginning of this section is reasonable. When a!0, the optimal aspect ratio (H 1 /L 1 ) is:
The above results show that the non-dimensional thermal resistance decreases as the elemental area's geometric aspect ratio (a) decreases. Obviously, it is not optimal to put the optimized elements, which have the optimum geometric aspect ratio [Equation (3)], as used in the original 'tree-shaped network' constructal method [31] . The minimum heat resistance of the first-assembly construct obtained herein, without the premise that the new-order assembly construct must be assembled by the optimized last-order construct, is decreased 9% comparing with that obtained with the premise.
SECOND-ORDER ASSEMBLY CONSTRUCT
The new second-order assembly construct with triangular elemental areas is shown in Figure 3 [31] . It is assembled just as the first-order assembly constructs. The first-order assembly constructs are lined up on both sides of the new highconductivity path of width D 2 . The heat currents of the firstorder assembly constructs are first conducted via the new path.
With the new path, the heat currents are then directed to the heat sink point M 2 . The boundary of the construct is adiabatic, except for the heat sink point located at M 2 . The areas of A 2 and A 0 are fixed, but the aspect ratio of the new construct (H 2 / L 2 ) is free to vary. Contrary to the original 'tree-shaped network' constructal method, the number (n 1 ) of elemental areas in the first-order assembly construct, the number (n 2 ) of the first-order assembly construct, the porosity (w 1 ) of the first-order assembly construct and the porosity (w 0 ) and aspect ratio (a) of the elemental area are all new degrees of freedom. Similarly, the maximum temperature difference of the second-order assembly construct is composed of two parts, one is the temperature difference DT M 2n P 2 of the first-order assembly construct, which is the farthest from M 2 , between the points P 2 point M 2m , and another is the temperature difference DT M 2 M 2n between M 2m and M 2 , where subscript n ¼ n 2 /2.
DT M 2n P 2 is the maximum temperature difference of the firstorder assembly construct. One can obtain the temperature difference DT M 2n P 2 using Equation (6) 
Then, one has
The maximum temperature difference of the second-order assembly construct is non-dimensionalized
. Equation (20) shows that the nondimensional maximum temperature difference of the construct can be minimized with respect to the number (n 2 ) of constituents. The minimization results in
Substituting Equation (21) into Equation (20) yields
ð22Þ Equation (22) shows that when n 1 a!1, the thermal resistance approaches its minimum. Therefore, when n 1 a!1
Equation (23) also shows that the minimum thermal resistance can be optimized with respect to high-conductive material allocation in the construct. The total area of high-conductive material (A P 2 ) in the construct is constant, i.e.
Because the construct area A 2 is also constant, the porosity of the construct is constant. The porosity of the construct is
Note that A 2 ¼ n 2;opt A 1 and w 1 ¼ A P 1 =A 1 , so one has
Substituting from Equations (13), (26) and n 1 a!1 into Figure 3 . Second-order construct [31] .
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Equation (22) yields
Optimizing Equation (27) gives
Substituting from Equation (28) into Equation (27) yields
Note that w 0;opt ¼ 0 means the second-order assembly construct becomes the first-order assembly construct. The higher orders of assemblies could be continuously done, but the corresponding minimum thermal resistances of the triangular assemblies cannot be decreased. It shows that the first-order assembly construct is the optimal one. Optimizing the higher order constructs as the second construct will produce the same results. The 'tree-shaped network' constructal method assembled the second assembly construct with the optimized first assembly construct, which is also composed of the optimized elemental area. The optimization results of the second assembly construct derived with the 'tree-shaped network' constructal method have been shown in Ref. [31] .
Comparing these with the results of this section, one can find that the results derived with the 'tree-shaped network' method are not the optimal ones. Table 1 lists the results of the two methods, which also shows that the results of this article are optima.
CONCLUSION
The new-order assembly is assembled by the optimized last-order assemblies in the traditional constructal design method. Based on the constructal theory, this article re-optimizes the triangular assembly without the premise that the new-order assembly should be assembled by the optimized last-order assemblies. The results show that the minimum thermal resistance of the triangular first-order assembly, without the premise that the new-order assembly construct must be assembled by the optimized last-order construct, is decreased by 9% compared with that obtained with the premise. The higher order assembly will be converted to the first-order assembly when it approaches its optimum; therefore, the first-order assembly is the optimal structure among the triangular assemblies. For the specified thermal conductivity and the proportion of the two heat-conduction materials, the limits of the minimum non-dimensional thermal resistances for triangular element, first-order assembly and the higher order assemblies are 0:466=ðkw 0 Þ 1=2 , 1:633=ðkw 0 Þ and 2=ðkw i Þ, respectively. The minimum thermal resistance decreases as the elemental aspect ratio (H 0 /L 0 ) decreases. When the elemental aspect ratio approaches zero and the number of constituents is infinite, the first-order assembly approaches its optimum. Obviously, it is not practical, and the minimum thermal resistance can just be close to it. In practical optimal designs of heat-generating assemblies, one can choose a lower elemental aspect ratio (H 0 /L 0 ) according to the permission of the practical thermal system. In this case, the thermal resistance of the triangular assembly can reach the near minimum thermal resistance, and its construct can also achieve the near optimal construct. The optimal triangular constructs with lower thermal resistances obtained in this article can provide some new guidelines for the practical designs of microelectronic devices, and the results obtained in this article also enrich the content of constructal theory. w is the ratio of the volume of high conductive material (k p ) to that of electronic material (k 0 ).
